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THE ACOUSTIC WAVE PROPAGATION





(Theorem 1 ) (Theorem 3)
1
$n\geq 2,$ $x=(y, z)\in R^{n-1}\cross R$
$\partial_{t^{2}}u(t, x)-a(x)^{2}\triangle u(t, x)=0$ $(t, x)\in R\cross R^{n}$
( $a(x)$ )
, $n\geq 3$ Cauchy
(E) $\{\begin{array}{l}\partial_{t^{2}}u(t,x)-a(x)^{2}\triangle u(t,x)=exp(-it\int\omega\gamma f(x)u(0,x)=\partial_{t}u(0,x)=0\end{array}$











$\Omega+=\{x=(y, z) : z>\varphi(y)\}$ , $\Omega_{-}=\{x=(y, z) : z<\varphi(y)\}$ ,




$S=\{x=(y, z) : z=\varphi(y)\}$
$a(x)$ $c>1$
(A 3) $1/c<a(x)<c$
$a\pm>0,$ $a_{L}^{\pm}(x)\in B^{1}(\Omega\pm),$ $a_{S}(x)\in L^{\infty}(R^{n})$ $a(x)$
(A.4) $\{\begin{array}{l}a(x)=a\pm+a_{L}^{\pm}(x)+a_{S}(x)(x\in\Omega\pm)\sum_{|\alpha|\leq 1}|x|^{|\alpha|}|\partial^{\alpha}a_{L}^{\pm}(x)|=O(|x|^{-\theta})(|x|arrow\infty,x\in\Omega_{\pm})a_{S}(x)=O(|x|^{-\theta-1})(|x|arrow\infty)\end{array}$
Eidus [2] $n\geq 3$
$x\in S$ $\nu=(\nu_{1}, \nu_{2}, \ldots, \nu_{n-1}, \nu_{z})$ $\nu_{z}>0$
$\nu$
(1) $\nu_{z}\geq C_{1}>0$ ,
(2) $|x\cdot\nu|\leq C_{2}$ ,
$C_{j}>0,$ $(j=1,2)$ , $x\in S$






(A.1) $\sim(A.4)$ $L=-a(x)^{2}A,$ $D(L)=H^{2}(RZ)$ $L$ Hilbert
$=L^{2}(R^{n} ; a^{-2}(x)dx)$ , $L$
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Theorem 1. (1) $L$
(2) $\alpha>1/2$ $I(\subset R_{+})$
$C(I, \alpha)>0$ , $(\lambda, \kappa)\in Ix(0,1)$
$||R(\lambda\pm i\kappa)||_{\alphaarrow-\alpha}\leq C$,
(3) $\lambda>0$ $\alpha>1/2$
$R( \lambda\pm i0)=\lim_{\kappa\downarrow 0}R(\lambda\pm i\kappa)$,
$B(L_{\alpha}^{2}, L_{-\alpha}^{2})$ , $R(\lambda\pm i0)$ $H\ddot{o}$lder
$R(\lambda\pm i\kappa)=(L-\lambda\mp i\kappa)^{-1},$ $L_{\alpha}^{2}=\{u\in L_{loc}^{2} :<x>^{\alpha}u\in L^{2}\},$ $||\cdot||_{\alphaarrow\beta}$
$B(L_{\alpha}^{2}, L_{\beta}^{2})$
Theorem 2. $\alpha>1,$ $\beta>1/2,$ $n\geq 3$ $\check{}$ $d,$ $0<d<1/2$ ,
$||R(\lambda\pm i0)||_{\betaarrow-\alpha}=O(\lambda^{-d})$ , $(\lambdaarrow 0)$
Theorem 3 Theorem 1,2 , Eidus[l]
Theorem 3. $\alpha>1,$ $\beta>1/2,$ $f\in L_{\beta}^{2},$ $n\geq 3$ , $(E)$ $u(t, x)$ $tarrow+\infty$
$L_{-\alpha}^{2}$
$u=exp(-it\sqrt{}\omega\gamma R(\omega+i0)f+o(1), (tarrow+\infty)$
- Theorem 1 Theorem 2 Mourre
$Mourre[5]$ Schr\"odinger
2 Proof of Theorem 1.
$1=a_{-}^{-2}<a_{+}^{-2}$
(2.1) $R(\lambda\pm i\kappa)=(H(\lambda)-\lambda\mp i\kappa a(x)^{-2})^{-1}a(x)^{-2}$
( $H(\lambda)=-\triangle-\lambda(a(x)^{-2}-1),$ $D(H(\lambda))=H^{2_{-}}(R^{n})$ ) $L^{2}(R^{n})$





$=i(<Au, H(\lambda)v>-<H(\lambda)u,$ $Av>$ ).













Lemma 2.2. $H^{2}(R^{n})\cap D(A)$ $i[H(\lambda), A]$ $H^{1}(R^{n})$
$H^{-1}(R^{n})$
(22) $<i[H(\lambda), A]u,$ $u>$
$=2<\nabla u,$ $\nabla u>+\lambda<(x\cdot\nabla E_{L})u,$ $u>$
$- \lambda\int_{R^{n-1}}(y\cdot\nabla_{y}\varphi(y)-\varphi(y))(E_{L}^{+0}-E_{L}^{-0})|u(y, \varphi(y))|^{2}dy$
$-n\lambda<E_{S}u,$ $u>-\lambda<E_{S}u,$ $x\cdot\nabla u>-\lambda<x\cdot\nabla u,$ $E_{S}u>$
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$\varphi(y)$ $y=0$ (A.2)
Lemma 2.1 H\"older Sobolev
$R_{\varphi}^{r}$ $H^{1}(R^{n})$ $L^{2}(R^{n})$
$(R_{\varphi}^{r})^{*}R_{\varphi}^{r}$ $H^{1}(R^{n})$ $H^{-1}(R^{n})$ Lemma 2.1
$T_{\varphi}^{*}(\chi_{|y|>r}(y\cdot\nabla_{y}\varphi-\varphi)(E_{L}^{+0}-E_{L}^{-0}))T_{\varphi}$ $H^{s}(R^{n})$ $H^{-s}(R^{n})\wedge$
(2. 1) 3 $H^{1}(R^{n})$ $H^{-1}(R^{n})$
Lemma Theorem 1
Lemma 2.3. $\lambda_{0}>0,0<\delta<\min(1, \lambda_{0}/4)$ $f_{\delta}(p)\in C_{0}^{\infty}(R)(0\leq h\leq$





(2. 2) $u$ $f_{\delta}(H(\lambda))u$ (2. 3) $r$
(A.1) (A.4) ( $(A.l )$ $(A.4)$
)
Lemma 2.2 2.3 Theorem 1(1)
$Lu=\lambda_{0}u(\lambda_{0}>0),$ $u\in H^{2}(R^{n})$ $H(\lambda_{0})u=\lambda_{0}u$
Froese and Herbst [3]
$exp(\alpha<x>)u\in L^{2}(\forall\alpha\geq 0)$
Appendix I of Tamura [6] $u=0$














Lemma 2.2 $B(\epsilon;\lambda)$ $H^{1}(R^{n})$ $H^{-1}(R^{n})$
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Lemma 2.4. $M(\epsilon;\lambda)=f_{\delta}(H(\lambda))B(\epsilon;\lambda)f_{\delta}(H(\lambda))$ . $D(A)$
form $[M(\epsilon;\lambda), A]$ $L^{2}$
$[M(\epsilon;\lambda), A]$
$=f_{\delta}[B(\epsilon;\lambda), A]f_{\delta}+f_{\delta}B(\epsilon;\lambda)[f_{\delta}, A]+[f_{\delta}, A]B(\epsilon;\lambda)f_{\delta}$
Lemma 2.2 $[B(\epsilon;\lambda), A]$
$H^{2}(R^{n})$ $H^{-2}(R^{n})$ Lemma 2.2
$[f_{\delta}, A]$ $B(L^{2}, H^{1}),$ $B(H^{-1}, L^{2})$
Lemma
Lemma
Lemma 2.5. $\lambda_{0}-\delta<\lambda<\lambda_{0}+\delta,$ $0<\epsilon<1$ . $\lambda,$ $\epsilon$
$C>0$
(i) $||(-\triangle+1)^{-1/2}(B(\lambda)-B(\epsilon;\lambda))(-\triangle+1)^{-1/2}||\leq C\epsilon^{\theta}$ ,
(ii) $||(-\triangle+1)^{-1/2}(d/d\epsilon)B(\epsilon;\lambda)(-\triangle+1)^{-1/2}||\leq C\epsilon^{\theta-1}$ ,
(iii) $||(-\triangle+1)^{-1}[B(\epsilon;\lambda), A](-\triangle+1)^{-}||\leq C\epsilon^{\theta-1}$ ,
(iv) $||[M(\epsilon;\lambda), A]||\leq C\epsilon^{\theta-1}$ .
( $B(\lambda)=[H(\lambda),$ $A]$ )
(2 . 4 ) Lemma 2.5 $Tamura[6]$ , Kikuchi and $Tamura[4]$
Theorem 1(2),(3)
3 Proof of Theorem 2.
(2.1)
(3.1) $||(H_{1}(\lambda)-\lambda\mp i\kappa a^{-2}(x))^{-}||_{\betaarrow-\alpha}=O(1)$ , $(\lambdaarrow 0)$ ,
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Lemma 3.1. $H_{1}(\lambda)=-\triangle-\lambda(E_{1}(x)-1)$ , $\alpha>1$
$||(H_{1}(\lambda)-\lambda\mp i\kappa a^{-2}(x))^{-1}||_{\alphaarrow-\alpha}=O(1)$ , $(\lambdaarrow 0)$
$\kappa>0$
( $E_{1}(x)=E_{1}^{\pm}(x)(x\in\Omega_{\pm})$ )
Lemma $0<\lambda<<1$ Theorem 1(2),(3)
Lemma 2.2 $H(\lambda)arrow H_{1}(\lambda)$ Lemma Lemma 2.3
Lemma
Lemma 3.2. $0<\lambda<<1$ $f_{\lambda}(p)\in C_{0}^{\infty}(R)(0\leq f_{\lambda}$ $\leq 1,$ $suppf_{\lambda}\subset$
$(\lambda/3,3\lambda),f_{\lambda}=1$ on $[\lambda/2,2\lambda]$ ) $\lambda$ $C>0$







( $E_{1}(x)=E_{1}^{\pm}(x)(x\in\Omega\pm),$ $\epsilon>0$ )
$B_{1}(\epsilon;\lambda)=-2\triangle+\lambda(F_{1,\epsilon}-T_{\varphi}^{*}(E_{1}^{+0}-E_{1}^{-0})V_{\epsilon}^{r}(y)T_{\varphi}$
$-(R_{\varphi}^{r})^{*}(E_{1}^{+0}-E_{1}^{-0})R_{\varphi}^{r})$
( $F_{1,\epsilon}=x\cdot\nabla E_{1,\epsilon}(x)(x\in\Omega\pm)$ )
Lemma 2.4, 2.5 , $B(\epsilon;\lambda)arrow B_{1}(\epsilon;\lambda),$ $H(\lambda)arrow H_{1}(\lambda)$
Lemma Lemma 3.2 Tamura[6]
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